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KASR TARTIBLI FAZOVIY IKKI O‘LCHOVLI BIR JINSLI
BO‘LMAGAN TESKARI MASALA

Sag ‘dullayeva Marjona Uchqun qizi

Annotatsiya: Ushbu tezisda kasr tartibli ikki o‘Ichovli bir jinsli bo‘lmagan
teskari masala va ularning yechimlari metodlari chuqur tahlil qilinadi. Kasr tartibli
integro-differensial tenglamalar ko‘p sohalarda murakkab jarayonlarni
modellashda ko‘p qo‘llaniladi. Kasr operatorlari esa kasr tartibli differensial
tenglamalarga yangi nazariy yondashuvlarni olib kirib, ularning sifatli
xususiyatlarini o‘rganishga xizmat qiladi.

Kalit so‘zlar: Hilfer kasr operatori, kasr tartibli integro-differensial
tenglamalar, siquvchi akslantirish metodi,matematik modellashtirish.

Kasr tartibli integro-differensial tenglamalar so‘nggi yillarda
matematikaning faol rivojlanayotgan yo‘nalishlaridan hisoblanadi. Ular ko‘p
jihatdan oddiy differensial tenglamalardan farq qilib, o°zida kasr tartibli hosilalar
va integral operatorlarini mujassamlashtiradi. Ayniqgsa Hilfer tomonidan taqdim
etilgan kasr tartibli operatorlar, turli xil operatorlar orasida iqtisodiy, mexanik va
biomeditsina sohalaridagi modellarni yanada qulay va aniq ifodalashga imkon
beradi. Hilfer operatori Rieman-Liuvill va Kaputo operatorlari orasidagi
umumlashma hisoblanib, uning xossalari tenglamalarda yechimlarning sifatini
ta’minlashda katta rol o‘ynaydi

Kasr tartibli integro-differensial tenglamalar sistema dinamikasidagi
xotira ta’siri, vaqtga bog‘liq o‘zgarishlarning noan’anaviy o‘lchamlarini
tushuntirishda qulay vositadir. Shu sababli ularga iqtisodiyot, fizik jarayonlar,
biologik tizimlar va boshqalarda keng qo‘llaniladi. [1].

Kasr tartibli differensial tenglamalarda noma’lum funksiyaning hosilasi
butun sonli emas, balki ixtiyoriy haqiqiy tartibli bo‘lishi mumkin. Bunday
tenglamalarni o‘rganishda Riman—Liuvill, Kaputo va Hilfer kasr tartibli

hosilalaridan foydalaniladi. Kasr tartibli differensial tenglamalarni yechish
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an’anaviy differensial tenglamalarga qaraganda murakkabroq va ko‘pincha
analitik yechim olish qiyin bo‘ladi. Shu sababli zamonaviy metodlar va usullar
qo‘llaniladi. Yechim olishning asosiy yo‘nalishlaridan biri quyidagi hisonlanadi:
[2]

- Siquvchi akslantirish metodi: Ushbu usul yechimning mavjudligi va
yagonaligini isbotlash uchun qo‘llaniladi.Unga ko‘ra operatorning yagona
qo‘zg‘almas nuqtasi mavjud va bu nuqta dastlabki kasr tartibli differensial
tenglamaning yagona yechimi hisoblanadi|2].

Kasr tartibli differensial tenglamalar nafaqat nazariy izlanishlarda, balki
ko‘plab amaliy sohalarda ham keng qo‘llaniladi. Ularning xotira va esdan chiqarish
effektlarini hisobga olish qobiliyati, tabily jarayonlarda mavjud noan’anaviy
dinamikani yaxshiroq tavsiflash imkonini beradi. Misol uchun:

- Fizika: Kasr tartibli differensial tenglamalar to‘qimalar va materiallarning
mexanik  xatti-harakatlarini  tushuntirishda, aynigsa  materiallarning

deformatsiyasini o‘rganishda qo‘llaniladi.

Hilfer turidagi kasr operatori, psevdoparabolik operatorning kvadrati hamda
berilgan kesmaning oxirgi nuqtasida qayta aniqlanuvchi funksiya ishtirok etgan
chizigli bo‘lmagan differensial tenglama uchun teskari chegaraviy qiymat
masalasi o‘rganiladi. Ushbu teskari chegaraviy masalaning yechimining

mavjudligi va yagonaligi masalalari tahlil gilinadi.

Berilgan 2 = (0,T) x (0,1) X (0,1) sohada quyidagi tenglamani ko‘rib

chigamiz.

, , 62 62 62 62 2
[D(?ty - Dgty (6x2 + ayz) - (axz + ayz)] Ut,x,y) =F(t,xYy) (1)
chegaraviy shartlar bilan

lim I(}t_YU,(t, X, y) = <,01(X, }’), 'LL(T, X, }’) = (pZ(x' y)' (2)

t—+0

u(t,0,y) =u(t,L,y) = uen(t,0,y) = e (6,1, y) = uyy (£, 0,y) = uy,, (¢, 1, y)

=u(t,x,0) = u(t,x, 1) = Uy (t,x,0) = Uy, (t,x,1) = uy,, (t,x,0) =
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Uyy (t,x,1) =0, (3.1.3)
o‘rganamiz.
bu yerdag, (x,y) € C(27),0 < a <y < 1,
F(t,x,y) € C(2r X 0), k = 1,2,
Pc(0,7) = 0 (LY) = Px2c(0,) = Prxeac(LLY) = 0yyuc(0,¥) = @y (Ly) =
= 0 (%,0) = 0 (X, D) = P (X, 0) = Qe (X, 1) = 03y, (%, 0) = @y, (3, )
=0,
F(t,0,y) =F(t,Ly) = Fx(t,0,y) = Ex(t, Ly) = F,,(t,0,y) = E,, (t, Ly) =
=F(t,x,0) = F(t,x,l) = F,(t,x,0) = E,.(t,x,]) = Fyy(t, x,0) = Fyy(t, x, 1)
=0,
N =[0,T, N =0, x02,2,=[0,1],0<T <00,0<[< o0,
1-masala. (1) Kasr differensial tenglamaning (2) ikki nuqtali chegaraviy
shartlari hamda (3) Dirixle tipidagi shartlarni ganoatlantiruvchi va berilgan
funksiyalar sinfiga tegishli bo‘lgan U (t, x, y) funksiyani yechish talab qilinadi.
t2D%YU € C(02),t2D%Y Uypyy € C(2), t2U,1rx € C(2),
t2DY U,y € C(02),t2Uy,,, € C(), 4)
bu yerda 2 = Q7 X 7.
Keyingi tahlil uchun quyidagi farazlar gqabul qilinadi:

U(t' X, y) = Z;ﬁm=1 un,m(t) : 1-9n,m(xr y), (5)
va
F(t, X, y) = Z;.{:m:l fn,m (t) ) ﬁn,m(x» y): (t: X, y) € (], (6)
bu yerda
U () = f [T U610, ) m (1, )ANAE , fon (6) =
L Js F (61, €000 m (1, ©)dndE, (7)

r .
Om(x,y) = 7 sin \/A—nx Sin/A, v, (8)

=) an= (B8 mm=12...

{Onm (x, y)}:m=1 funksiyalar sistemasi L, (£2?) fazoda ortonormal

https:// conferns.com/ 35-to’plam 2-son Sentyabr 2026

335


https://journal-web.uz/

Yangi O'zbekiston taraqqiyotida tadqiqotlarni o'rni va rivojlanish omillari

funksiyalarning to'liq tizimini hosil giladi va chegara shartlarini qanoatlantiradi.

Silliglik sharti 1. Aytaylik ¢, (x,y) € C>°(27) va F(t,x,y) € C%%2(Q)
bo‘lsin.

1-teorema. Faraz qilaylik silliglik sharti bajarilsin. U holda (1)—(4) to‘g‘ri
masala Furye gatori ko‘rinishida yagona yechimga ega bo‘ladi.

Xulosa

Kasr tartibli  aynigan integro-differensial  tenglamalar  hamda
psevdoparabolik operator kvadrati qatnashgan ikki o‘lchovli bir jinsli bo‘lmagan
differensial tenglamalar uchun teskari chegaraviy masalalar o‘rganildi. Hilfer
operatori Riman—Liuvill va Kaputo turidagi kasr tartibli hosilalarni
umumlashtiruvchi operator sifatida qaraladi. Shu sababli uning yordamida turli
boshlang‘ich, chegaraviy va chiziqli bo‘lmagaan masalalarni yagona yondashuv
asosida tadqiq qilish mumkin.

Foydalanilgan adabiyotlar

1. R. R. Ashurov, Yu. E. Fayziev, Inverse problem for finding the order of the
fractional derivative in the wave equation, Math. Notes 110 (6), 842-852 (2021).

2. S. Z. Djamalov and R. R. Ashurov, On one linear inverse problem for
multidimensional equation of the mixed type of the first kind and of the second
order, Russian Math. (Iz. VUZ) 63 (6), 8-18 (2019).

3. V. G. Romanov, Phaseless inverse problems that use wave interference,
Siberian Math. Journ. 59 (3), 494-504 (2018).

4. T.K.Yuldashev, M. T. Kosmakova, M. U. Sagdullaeva, Inverse Problem
for a Nonlinear Pseudiparabolic Differential Equation with Final Condition and
Gerasimov-Caputo Operator, Journal of Osh University :Differential Equations”
2026

5. Qodirkulov B.J., Kayumova G.A. Hilfer operatori qatnashgan ikkinchi
tartibli aralash tipdagi tenglama uchun nolokal masala. — Matematika instituti
ilmiy axborotnomasi, 2021.

6. Jalilov M.A. Kasr tartibli differensial operator qatnashgan aralash tipdagi

tenglamalar uchun masalalar. — Matematika instituti ilmiy axborotnomasi, 2019.

https:// conferns.com/ 35-to’plam 2-son Sentyabr 2026



https://journal-web.uz/


  𝛺 ≡ ( 0 , T ) × ( 0 , l ) × ( 0 , l )


     [   D  0 t  𝛼 , 𝛾 −   D  0 t  𝛼 , 𝛾  (     𝜕 2  𝜕   x 2 +     𝜕 2  𝜕   y 2 ) −  (     𝜕 2  𝜕   x 2 +     𝜕 2  𝜕   y 2 ) ] 2 U ( t , x , y ) = F ( t , x , y )


    l i m  t → + 0   I  0 t  1 − 𝛾 u ( t , x , y ) =   𝜑 1 ( x , y ) , u ( T , x , y ) =   𝜑 2 ( x , y ) ,


  u ( t , 0 , y ) = u ( t , l , y ) =   u  x x ( t , 0 , y ) =   u  x x ( t , l , y ) =   u  y y ( t , 0 , y ) =   u  y y ( t , l , y ) =


  = u ( t , x , 0 ) = u ( t , x , l ) =   u  x x ( t , x , 0 ) =   u  x x ( t , x , l ) =   u  y y ( t , x , 0 ) =   u  y y ( t , x , l ) = 0 ,


  = u ( t , x , 0 ) = u ( t , x , l ) =   u  x x ( t , x , 0 ) =   u  x x ( t , x , l ) =   u  y y ( t , x , 0 ) =   u  y y ( t , x , l ) = 0 ,


    𝜑  𝜅 ( x , y ) ∈ C  (   𝛺  l 2 ) ,


  0 < 𝛼 ≤ 𝛾 ≤ 1 ,


  F ( t , x , y ) ∈ C  (   𝛺  T ×   𝛺  l 2 ) ,


  𝜅 = 1 , 2 ,


    𝜑  𝜅 ( 0 , y ) =   𝜑  𝜅 ( l , y ) =   𝜑  x x , 𝜅 ″ ( 0 , y ) =   𝜑  x x , 𝜅 ″ ( l , y ) =   𝜑  y y , 𝜅 ″ ( 0 , y ) =   𝜑  y y , 𝜅 ″ ( l , y ) =


  =   𝜑  𝜅 ( x , 0 ) =   𝜑  𝜅 ( x , l ) =   𝜑  x x , 𝜅 ″ ( x , 0 ) =   𝜑  x x , 𝜅 ″ ( x , l ) =   𝜑  y y , 𝜅 ″ ( x , 0 ) =   𝜑  y y , 𝜅 ″ ( x , l ) = 0 ,


  =   𝜑  𝜅 ( x , 0 ) =   𝜑  𝜅 ( x , l ) =   𝜑  x x , 𝜅 ″ ( x , 0 ) =   𝜑  x x , 𝜅 ″ ( x , l ) =   𝜑  y y , 𝜅 ″ ( x , 0 ) =   𝜑  y y , 𝜅 ″ ( x , l ) = 0 ,


  F ( t , 0 , y ) = F ( t , l , y ) =   F  x x ( t , 0 , y ) =   F  x x ( t , l , y ) =   F  y y ( t , 0 , y ) =   F  y y ( t , l , y ) =


  F ( t , 0 , y ) = F ( t , l , y ) =   F  x x ( t , 0 , y ) =   F  x x ( t , l , y ) =   F  y y ( t , 0 , y ) =   F  y y ( t , l , y ) =


  = F ( t , x , 0 ) = F ( t , x , l ) =   F  x x ( t , x , 0 ) =   F  x x ( t , x , l ) =   F  y y ( t , x , 0 ) =   F  y y ( t , x , l ) = 0 ,


  = F ( t , x , 0 ) = F ( t , x , l ) =   F  x x ( t , x , 0 ) =   F  x x ( t , x , l ) =   F  y y ( t , x , 0 ) =   F  y y ( t , x , l ) = 0 ,


    𝛺  T ≡ [ 0 , T ] ,


    𝛺  l 2 =   𝛺  l ×   𝛺  l ,


    𝛺  l ≡ [ 0 , l ] ,


  0 < T < ∞ ,


  0 < l < ∞ .


  U ( t , x , y )


    t 2   D  𝛼 , 𝛾 U ∈ C (   𝛺 ¯ ) ,   t 2   D  𝛼 , 𝛾   U  x x x x ∈ C ( 𝛺 ) ,   t 2   U  x x x x ∈ C ( 𝛺 ) ,


  


    𝛺 ̄ ≡   𝛺  T ×   𝛺  l 2 .


  U ( t , x , y ) =   ∑  n , m = 1 ∞    u  n , m ( t ) ⋅   𝜗  n , m ( x , y ) ,


  F ( t , x , y ) =   ∑  n , m = 1 ∞    f  n , m ( t ) ⋅   𝜗  n , m ( x , y ) , ( t , x , y ) ∈ 𝛺 ,


    u  n , m  ( t ) =   ∫ 0  l    ∫ 0  l  U  ( t , 𝜂 , 𝜉 )   𝜗  n , m  ( 𝜂 , 𝜉 ) d 𝜂 d 𝜉 ,   f  n , m  ( t ) =   ∫ 0  l    ∫ 0  l  F ( t , 𝜂 , 𝜉 )   𝜗  n , m ( 𝜂 , 𝜉 ) d 𝜂 d 𝜉 ,


    𝜗  n , m ( x , y ) =  2  l   s i n ⁡     𝜆  n x   s i n ⁡     𝜆  m y ,


    𝜆  n =    (   𝜋 n  l ) 2 ,   𝜆  m =    (   𝜋 m  l ) 2 , n , m = 1 , 2 , . . .


     {   𝜗  n , m ( x , y ) }  n , m = 1 ∞


    L 2  (   𝛺  l 2 )


    𝜑  𝜅 ( x , y ) ∈   C  5 , 5  (   𝛺  l 2 )


  F ( t , x , y ) ∈   C  0 , 2 , 2  ( 𝛺 )

